Let A and B be σ-unital C * -algebras and X and Y an A − Aequivalence bimodule and a B − B-equivalence bimodule, respectively. Also, let A ⋊ X Z and B ⋊ Y Z be the crossed products of A and B by X and Y , respectively. Furthermore, let A ⊂ A ⋊ X Z and B ⊂ B ⋊ Y Z be the inclusions of C * -algebras induced by X and Y , respectively. We suppose that
Introduction
In the previous paper [11] , we discussed strong Morita equivalence for unital inclusions of unital C * -algebras induced by involutive equivalence bimodules. That is, let A and B be unital C * -algebras and X and Y an involutive A − A-equivalence bimodule and an involutive B − B-equivalence bimodule, respectively. Let C X and C Y be unital C * -algebras induced by X and Y and A ⊂ C X and B ⊂ C Y the unital inclusions of unital C * -algebras. We suppose that A ′ ∩ C X = C1. In the paper [11] , we showed that A ⊂ C X and B ⊂ C Y are strongly Morita equivalent if and only if there is an A − B-equivalence bimodule M such that Y ∼ = M ⊗ A X ⊗ A M as B − B-equivalence bimodules. In the present paper, we shall show the same result as above in the case of inclusions of C * -algebras induced by σ-unital C * -algebra equivalence bimodules.
Let A and B be σ-unital C * -algebras and X and Y an A−A-equivalence bimodule and a B − B-equivalence bimodule, respectively. Let A ⋊ X Z and B ⋊ Y Z be the crossed products of A and B by X and Y , respectively, which are defined in Abadie, Eilers and Exel [1] . Then we have inclusions of C * -algebras A ⊂ A ⋊ X Z and
We suppose that A ′ ∩ M (A ⋊ X Z) = C1. We shall show that A ⊂ A ⋊ X Z and Applying the above result, we shall compute the Picard group of the inclusion of C * -algebras A ⊂ A ⋊ X Z under the assumption that A ′ ∩ M (A ⋊ X Z) = C1.
Preliminaries
Let K be the C * -algebra of all compact operators on a countably infinite dimensional Hilbert space and {e ij } i,j∈N its system of matrix units.
For each C * -algebra A, we denote by M (A) the multiplier C * -algebra of A. Let π be an isomorphism of A onto a C * -algebra B. Then there is the unique strictly continuous isomorphism of M (A) onto M (B) extending π by Jensen and Thomsen [7, Corollary 1. 1.15] . We denote it by π.
Let A and B be C * -algebras and X an A − B-bimodule. We denote its left A-action and right B-action on X by a · x and x · b for any a ∈ A, b ∈ B, x ∈ X, respectively. We denote by X the dual B − A-bimodule of X and we denote by x the element in X induced by x ∈ X. Let A ⊂ C and B ⊂ D be inclusions of C * -algebras.
Also, we give the following definition:
Let α nad β be actions of a discrete group G on A and B, respectively. We say that α and β are strongly Morita equivalent with respect to (X, λ) if there are an A − B-equivalence bimodule X and a linear automorphism λ of X satisfying the following:
Then we have the following:
for any a ∈ A, b ∈ B, x ∈ X and t ∈ G.
Let A and B be C * -algebras and π an isomorphism of B onto A. We construct an A − B-equivalence bimodule X π as follows: Let X π = A as C-vector spaces. For any a ∈ A, b ∈ B, x, y ∈ X π ,
x, y B = π −1 (x * y).
By easy computations, we can see that X π is an A − B-equivalence bimodule. We call X π an A − B-equivalence bimodule induced by π. Let α be an automorphism of A. Then in the same way as above, we construct X α , as A − B-equivalence bimodule. Let u α be a unitary element in M (A ⋊ α Z) implementing α. Hence α = Ad(u α ). We regard Au α as an A − A-equivalence bimodule as follows:
for any a, x, y ∈ A.
Lemma 2.1. With the above notation, X α ∼ = Au α as A − A-equivalence bimodules.
Proof. This is immediate by easy computations.
Let A be a C * -algebra and X an A − A-equivalence bimodule. Let A ⋊ X Z be the crossed product of A by X defined in [1] . We regard the C * -algebra K as the trivial K − K-equivalence bimodule. Then we obtain an A ⊗ K − A ⊗ K-equivalence bimodule X ⊗ K and we can also consider the the crossed product
Hence we have the following inclusions of C * -algebras:
Since there is an isomorphism π of (A ⊗ K)
x(1 ⊗ e 11 ) · a = x(a ⊗ e 11 ),
where we identify A with A ⊗ e 11 . Let B be a C * -algebra. Let H B be as above.
Lemma 2.2. With the above notation, let M be an
Proof. Since the linear span of the set Then
We prepare the following lemma which is applied in the next section. 
Also, let W be the L M − L M -equivalence bimodule defined in the proof of [1, Theorem 4.2] , which is defined by
Let L M ⋊ W Z be the crossed product of L M by W and let
.
Then B is a closed subspace of X π and we regard B as the trivial B − B-equivalence bimodule since π| B = id on B. Thus A ⊂ A ⋊ X Z and B ⊂ B ⋊ Y Z are strongly Morita equivalent with respect to N 0 ⊗ B⋊ Y Z X π and its closed subspace M ⊗ B B( ∼ = M ). Therefore, we obtain the conclusion.
Lemma 2.5. With the above notation, we suppose that A is a σ-unital C * -algebra. Then there is an automorphism 
Then by the definition of the crossed product of a C * -algebra by an equivalence bimodule, we can see that
as C * -algebras. Since the above isomorphisms leave any element in A⊗K invariant, we can see that
Strong Morita equivalence
Let A and B be σ-unital C * -algebras and X and Y an A−A-equivalence bimodule and a B − B-equivalence bimodule, respectively. Let A ⊂ A ⋊ X Z and B ⊂ B ⋊ Y Z be the inclusions of C * -algebras induced by X and Y , respectively. We suppose that A ⊂ A⋊ X Z and B ⊂ B ⋊ Y Z are strongly Morita equivalent with respect to an
Also, by the above assumptions, the inclusion
Since A and B are σ-unital, in the same way as in the proof of [10, Proposition 3.5] 
and let λ be the linear automorphism of X θ defined by λ(x) = γ(x) for any x ∈ X θ (= A ⊗ K).
Lemma 3.1. With the above notation, γ and β are strongly Morita equivalent with respect to (X θ , λ).
Proof.
For any x, y ∈ X θ ,
. Hence γ and β are strongly Morita equivalent with respect to (X θ , λ).
By the proof of [12, Theorem 5.5], there is an automorphism φ of Z satisfying that γ φ and α are exterior equivalent, that is, there is a unitary element z ∈ M (A ⊗ K) such that γ φ = Ad(z) • α , α(z) = z, where γ φ is the automorphism of A ⊗ K induced by γ and φ, that is, γ φ is defined by γ φ = γ φ(1) . We note that γ φ = γ or γ φ = γ −1 . We regard A ⊗ K as the trivial A ⊗ K − A ⊗ K-equivalence bimdule. Let µ be the linear automorphism of A ⊗ K defined by µ(x) = α(x)z * for any x ∈ A ⊗ K. Lemma 3.2. With the aboe notation, α and γ φ are strongly Morita equivalent with respect to (A ⊗ K, µ).
For any x, y ∈ A ⊗ K,
Therefore, we obtain the conclusion.
Let ν be the linear automorphism of X θ defined by
for any x ∈ X θ (= A ⊗ K). Lemma 3.3. With the above notation, α and β φ are strongly Morita equivalent with respect to (X θ , ν), where β φ is the automorphism of B ⊗ K induced by β and φ.
Since β φ = β or β φ = β −1 , by Lemma 3.3, α is strongly Morita equivalent to β or β −1 .
(I) We suppose that α is strongly Morita equivalent to β. Then by Lemma 3.3, there is the linear automorphism ν of X θ satisfying the following:
Lemma 3.4. With the above notation and assumptions, let X α and X β be the A ⊗ K − A ⊗ K-equivalence bimodule and the B ⊗ K − B ⊗ K-equivalence bimodule induced by α and β, respectively. Then
for any x, y ∈ X θ , a ∈ X α . Then for any x, x 1 , y, y 1 ∈ X θ , a, a 1 ∈ X α ,
On the other hand,
Hence the map Ψ preserves the left B ⊗ K-valued inner products. Also,
Hence the map Ψ preserves the right B ⊗ K-valued inner products. Therefore, we obtain the conclusion.
(II) We suppose that α is strongly Morita equivalent to β −1 . Then by Lemma 3.4,
Thus we obtain the following: Lemma 3.5. With the above notation and assumptions,
We recall that there is an
as B ⊗ K − B ⊗ K-equivalence bimodules. Furthermore, by Lemma 2.3 
as B − B-equivalence bimodules. Therefore, we obtain the following:
Theorem 3. 6 . Let A and B be σ-unital C * -algebras and X and Y an A − Aequivalence bimodule and a B − B-equivalence bimodule, respectively. Let A ⊂ A ⋊ X Z and B ⊂ B ⋊ Y Z be the inclusions of C * -algebras induced by X and Y , respectively. We suppose that A ′ ∩M (A⋊ X Z) ∼ = C1. Then the following conditions are equivalent:
Proof.
(1)⇒(2): This is immediate by the above discussions.
(2)⇒(1): This is immediate by Lemma 2.4.
The Picard groups
Let A be a unital C * -algebra and X an A − A-equivalence bimodule. Let A ⊂ A ⋊ X Z be the inclusion of unital C * -algebra induced by X. We suppose that A ′ ∩ (A ⋊ X Z) = C1. In this section, we shall compute Pic(A, A ⋊ X Z), the Picard group of the inclusion A ⊂ A ⋊ X Z (See [10] ).
Let G be the subgroup of Pic(A) defined by
Lemma 4.1. With the above notation, Imf A = G.
Then by the definition of Pic(A, A ⋊ X Z), the inclusion A ⊂ A ⋊ X Z is strongly Morita equivalent to itself with respect to an A ⋊ X Z − A ⋊ X Z-equivalence bmodule N and its closed subspace M . Hence by Theorem 3.6,
Then by Lemma 2.4, there is an A ⋊ X Z − A ⋊ X Z-equivalence bimodule N satisfying following:
(1) M is included in N as a closed subspace,
Thus by [12, Corollary 4.2] , α is free.
For any n ∈ Z, let δ n be the function on Z defined by δ n (m) = 1 m = n 0 m = n .
We regard δ n as an element in M ( 
For any a ∈ A ⊗ K, β(δ 1 )aβ(δ * 1 ) = β(δ 1 aδ * 1 ) = β(α(a)) = α(a). Hence β(δ 1 )a = α(a)β(δ 1 ) for any a ∈ A ⊗ K. Lemma 4. 5 . Let n∈Z a n δ n 1 = n∈Z a n δ n be the Fourier series of β(δ 1 ), where a n ∈ M (A ⊗ K) for any n ∈ Z. Then for any n ∈ Z, a ∈ A ⊗ K, a n α n−1 (a) = aa n .
Proof. For any a ∈ A ⊗ K, β(δ 1 )a = α(a)β(δ 1 ). Hence the Fourier series of β(δ 1 )a is: n∈Z a n α n (a)δ n 1 .
Also, the Fourier series of α(a)β(δ 1 ) is: n∈Z α(a)a n δ n 1 .
Thus a n α n (a) = α(a)a n for any a ∈ A ⊗ K, n ∈ Z. Therefore, we obtain the conclusion.
Lemma 4.6. With the above notation,
Proof. Let β ∈ Aut 0 (A ⊗ K, (A ⊗ K) ⋊ α Z) and let n∈Z a n δ n 1 be the Fourier series of β(δ 1 ). Then by Lemma 4.5, a n α n−1 (a) = aa n for any a ∈ A ⊗ K, n ∈ Z. Since α is free by Lemma 4.4, a n = 0 for any n ∈ Z \ {1}. Thus β(δ 1 ) = a 1 δ 1 . Since β(δ 1 )aβ(δ * 1 ) = α(a) for any a ∈ A ⊗ K, a 1 δ 1 aδ * 1 a * 1 = α(a). Proof. Since A ⊗ K ⊂ (A ⊗ K) ⋊ α Z and A ⊗ K ⊂ (A ⋊ X Z) ⊗ K are isomorphic as inclusions of C * -algebras, it suffices to show that Aut 0 (A, A ⋊ X Z) ∼ = Aut 0 (A ⊗ K, (A ⋊ X Z) ⊗ K).
Let κ be the homomorphism of Aut 0 (A, A ⋊ X Z) to Aut 0 (A ⊗ K, (A ⋊ X Z) ⊗ K) defined by κ(β) = β ⊗ id K for any β ∈ Aut 0 (A, A ⋊ X Z). Then it is clear that κ is a monomorphism of Aut 0 (A, A ⋊ X Z) to Aut 0 (A ⊗ K, (A ⋊ X Z) ⊗ K). We show that κ is surjective. Let γ ∈ Aut 0 (A ⊗ K, (A ⋊ X Z) ⊗ K). Then γ(a ⊗ e ij ) = a ⊗ e ij for any a ∈ A, i, j ∈ N. Thus γ(x ⊗ e 11 ) = (1 ⊗ e 11 )γ(x ⊗ e 11 )(1 ⊗ e 11 )
for any x ∈ A ⋊ X Z. Hence there is an automorphism α of A ⋊ X Z such that γ(x ⊗ e 11 ) = α(x) ⊗ e 11 for any x ∈ A ⋊ X Z. For any i, j ∈ N, x ∈ A ⋊ X Z, γ(x ⊗ e ij ) = γ((1 ⊗ e 11 )(x ⊗ e 11 )(1 ⊗ e 1j )) = (1 ⊗ e i1 )(α(x) ⊗ e 11 )(1 ⊗ e 1j ) = α(x) ⊗ e ij .
Especially , if a ∈ A, α(a) ⊗ e ij = γ(a ⊗ e ij ) = a ⊗ e ij for any i, j ∈ N. Thus α(a) = a for any a ∈ A. Therefore, γ = α ⊗ id K and α ∈ Aut 0 (A, A ⋊ X K). Hence we can see that κ is surjective. where N is the A ⋊ X Z − A ⋊ X Z-equivalence bimodule defined in the proof of Lemma 2.4. Then g is a homomorphism of G to Pic(A, A ⋊ X Z) such that f A • g = id on G. Thus we obtain the following: Theorem 4. 9 . Let A be a unital C * -algebra and X an A− A-equivalence bimodule. Let A ⊂ A ⋊ X Z be the unital inclusion of unital C * -algebras induced by X. We suppose that A ′ ∩ (A ⋊ X Z) = C1. Then Pic(A, A ⋊ X Z) is a semi-direct product of G by T.
